In this paper, we focus on the stabilization of positive switched linear time-varying systems with delay. By constructing Lyapunov-Metzler inequalities, state-dependent switching signals have been designed such that the system is asymptotically stable, even if each subsystem is not asymptotically stable. Both the continuous-time and the discrete-time positive switched linear time-varying systems have been taken into consideration. Numerical examples are also given to verify the validity of our results. INDEX TERMS Positive switched linear time-varying system, stabilization, delay, Lyapunov-Metzler inequality.
I. INTRODUCTION
Switched system receives much attention in recent years [1] . Positive switched system is a special switched system, which has not only the properties of positive systems, but also the nature of switched systems. Positive switched system usually contains multiple positive subsystems and a switching signal which is a piecewise function determining the switching rule among subsystems. Noting that each subsystem is positive, the trajectory of the positive switched system under arbitrary switching signal will remain nonnegative if the initial state is nonnegative. It is well known that positive switched system has wide applications in practice, such as consensus of multi-agent systems [2] , congestion control in communication networks [3] , chemical reaction networks [4] , drug delivery control in anesthesia [5] and Markovian jump systems [6] , [7] .
For the stabilization of positive switched linear systems (PSLSs), many people focused on the stabilization of the system under time-dependent switching [8] - [14] . In addition, a number of satisfactory results have been established for PSLSs with time delay [15] - [20] . For the stabilization of PSLSs under state-dependent switching, sufficient conditions for exponential stability with L ∞ -gain performance of the PSLS with delay were derived by constructing an appropriate copositive type Lyapunov-Krasovskii function The associate editor coordinating the review of this manuscript and approving it for publication was Guangdeng Zong .
in [21] . The authors in [22] and [23] studied the stabilization of continuous-time PSLSs under state-dependent switching by using common linear co-positive Lyapunov function and multiple linear co-positive Lyapunov functions, respectively, where a Hurwitz convex combination condition was proposed in [22] .
For the stabilization of switched linear systems under statedependent switching, the authors in [24] and [25] constructed Lyapunov-Metzler inequality to study the stabilization of continuous-time and discrete-time switched linear systems under state-dependent switching. In [26] , the authors studied the same problem by using the S-procedure method, and pointed out that the results based on Lyapunov-Metzler inequality in [24] are equivalent to the results based on the S-procedure method.
Note that all the aforementioned results are aimed at switched time-invariant systems. It seems to us that there are few studies on the stabilization of positive switched timevarying systems with delay under state-dependent switching. Inspired by the works in [24] - [26] , we will study the stabilization of continuous-time and discrete-time positive switched linear time-varying systems with delay. By introducing a piecewise linear copositive Lyapunov function, Lyapunov-Metzler inequalities have been established to determine the state-dependent switching signals under which the system is asymptotically stable. It is worthy to show that each subsystem is not restricted to be asymptotically stable in this paper. This paper is organized as follows. Section 2 introduces some preliminaries that will be used. The stabilization of continuous-time and discrete-time positive switched linear time-varying systems with delay under state-dependent switching is studied in Section 3. Numerical examples are given to illustrate the main results in Section 4. Section 5 summarizes this paper.
II. PROBLEM DESCRIPTION AND PRELIMINARIES
In this paper, we define R n and R n×n to be the sets of n-dimensional real vectors and n × n-dimensional real matri-
, where x i and y i are ith elements of x, y ∈ R n . If there is a matrix A ∈ R n×n whose non-diagonal elements are nonnegative, we call A the Metzler matrix. A matrix B ∈ R n×n is said to be nonnegative, denoted by B 0, if all its elements are nonnegative.
Consider the following continuous-time switched linear time-varying system with delay.
where
the continuous initial state, τ > 0 denotes the constant time delay. It is not difficult to conclude that system (1) is positive under arbitrary switching if A i (t) is Metzler and B i (t) is nonnegative for t ≥ 0 and i ∈ m . That is to say, as long as the initial value φ(t) 0, t ∈ [−τ, 0], the state trajectory of system (1) can remain nonnegative under any switching.
Moreover, we also consider the following discrete-time positive switched linear time-varying system with delay.
→ R n is the initial state, the integer τ > 0 denotes the constant time delay.
III. MAIN RESULTS
Throughout this paper, assume that the state x(t) (or x(k)) of the considered system is available for feedback for all t ≥ 0 (k ≥ 0).
A. STABILIZATION OF CONTINUOUS-TIME PSLS
For the stabilization of system (1) under the state-dependent switching, we need to determine a function µ(·) : R n → m such that system (1) is asymptotically stable under the statedependent switching signal
For convenience, we first present the following Assumption:
Define the set M as follows:
Theorem 2: Given τ > 0, if Assumption 1 holds, and there exist a family of vectors {ξ i ∈ R n : ξ i 0, i ∈ m } and a matrix C ∈ M satisfying the following Lyapunov-Metzler inequalities
system (1) is asymptotically stable under the state-dependent switching signal (3), where
Proof: According to Lyapunov function (4), assume that the state-dependent switching signal is given by
Based on the property of the matrix M , it implies 
This together with condition (5) yields that
≤ 0, t ≥ 0.
Therefore, system (1) is asymptotically stable under the statedependent switching signal (3). This completes the proof of Theorem 6.
Remark 3: Condition (5) implies thatĀ i +B i may not be Hurwitz. However, according to Theorem 6, we can get system (1) is still asymptotically stable under the state-dependent switching signal (3) .
Remark 4: Similar to the discussion in [26] , it is not difficult to get an equivalent condition of (5) where η ∈ R n and η 0. Following the proof of Theorem 2, we can conclude that system (1) is asymptotically stable under the state-dependent switching signal
if the following inequalities hold:
The next theorem shows that working with a subclass of Metzler matrices, characterized by having the same diagonal elements, a simpler, although certainly more and more conservative stability condition has been established.
Theorem 6: Given τ > 0 and an n-dimensional column vector ρ 0, assume that Assumption 1 holds, and there exist a family of vectors {ξ i ∈ R n : ξ i 0, i ∈ m } and constants γ i > 0 satisfying the following linear inequalities
Then system (1) is asymptotically stable under the statedependent switching signal (3) determined by (6) , and its solution satisfies 
According to (11), we have
It implies that
By using Theorem 2, system (1) is asymptotically stable under the state-dependent switching signal (3) statisfying (6) . Moreover, similar to the discussion in Theorem 2, we can get from (11) that
Noting that v(x(t)) ≥ 0, it implies that (12) holds. This completes the proof of Theorem 6. Remak 7: Similar to the discussion in Remark 5, we can generalize Theorem 6 to the case where the delay is unknown. In this case, the Lyapnov function is consistent with that in Remark 5.
B. STABILIZATION OF DISCRETE-TIME PSLS
We need to determine a function µ(·) : N → m such that the discrete-time positive switched linear time-varying system with delay (2) is asymptotically stable under the statedependent switching signal
Define the set
For convenience, we give the following Assumption:
Define the set G as follows:
where 1 = (1, 1, · · · , 1) ∈ R m . We have the following result. Theorem 9: Given τ > 0, if Assumption 8 holds, and there exist a family of vectors {ξ i ∈ R n : 
Proof: According to (19) , assume that at an arbitrary k ∈ N , the state switching signal is given by σ (k) = µ(x(k)) = i for some i ∈ m . By using the Lyapunov function defined in Assumption 8, we have
So we have that system (2) is asymptotically stable under the state-dependent switching signal (15) . This completes the proof of Theorem 9.
Remark 10: Similar to the discussion in [26] , it is not difficult to get an equivalent condition of (18)
Remark 11: If the time delay is unknown, we can choose the following Lyapunov function
Similar to the analysis in Theorem 9, we obtain that system (2) is asymptotically stable under the state-dependent switching signal
if it holds that
and m l=1
The next theorem establishes a simpler, although certainly more and more conservative stability condition that can be expressed by means of linear equalities.
Theorem 12: Given τ > 0 and an n-dimensional column vector ρ 0, assume that there exist a family of vectors {ξ i ∈ R n : ξ i 0, i ∈ m } and constants γ i > 0 satisfying the following linear inequalities
where l = i ∈ m . Then system (2) is asymptotically stable under the state-dependent switching signal (15) , and its solution satisfies
where ψ(s) = ψ(s + 1) − ψ(s). Proof: Choose D ∈ G such that d ii = γ i , and the remaining elements satisfy
In addition, combining (24) into (22), we have
By Theorem 9, system (2) is asymptotically stable under the state-dependent switching signal (15) . In addition, similar to the analysis in Theorem 9, we obtain
Since v(x(k)) ≥ 0, it is easy to see that condition (23) holds. The proof of Theorem 12 is complete. Remark 13: Similar to the discussion in Remark 11, we can generalize Theorem 12 to the case where the delay is unknown. In this case, the Lyapnov function is consistent with the Lyapunov function in Remark 11. 
IV. NUMERICAL EXAMPLES
In this part, three illustrative examples are presented.
Example 14: Consider the continuous-time PSLS as follows:
where the piecewise continuous function σ (t) :
It is obvious that both A 1 and A 2 are Metzler. Moreover, we have that A 1 + B 1 and A 2 + B 2 are not Hurwitz. Let C = −0.5 0.5 0.5 −0.5 .
Using MATLAB to solve the Lyapunov-Metzler inequalities (9) and (10) Therefore, by using Remark 5, system (26) is asymptotically stable under the state-dependent switching signal (8) . When τ = 0.2, the state trajectory of system (26) is shown in Fig 1. Example 15: Consider the continuous-time positive switched linear time-varying system (1) with m = n = 2 and φ(t) = (0.8 0.5) , for t ∈ [−τ, 0], 
Then we can get
It is obvious that bothĀ 1 andĀ 2 are Metzler. Moreover, we haveĀ 1 +B 1 andĀ 2 +B 2 are not Hurwitz. Let C = −0.5 0.5 0.5 −0.5 .
Using MATLAB to solve the Lyapunov-Metzler inequalities (9) and (10) Therefore, by using Remark 5, system (1) is asymptotically stable under the state-dependent switching signal (8) . When τ = 0.5, the state trajectory of system (1) is shown in Fig 2. Example 17: Consider the discrete-time positive switched linear time-varying system (2) with m = n = 2, ψ(k) = (0.5 0.4) for k ∈ {−τ, · · · , −1, 0}, It is obvious that bothÃ 1 +B 1 andÃ 2 +B 2 are not Schur. Let C = 0.5 0.5 0.5 0.5 .
Using MATLAB to solve the Lyapunov-Metzler inequalities (18), we can get ξ 1 = 0.3167 0.45 , ξ 2 = 0.3944 0.35 , Therefore, by using Theorem 9, system (2) is asymptotically stable under the state-dependent switching signal (15) . When τ = 2, the state trajectory of system (2) is shown in Fig 3. 
V. CONCLUSION
In this paper, we study the stabilization of continuous-time and discrete-time PSLSs under state-dependent switching by introducing a piecewise linear copositive Lyapunov function. Lyapunov-Metzler inequalities have been given to design appropriate switching signal such that the system is asymptotically stable even when each subsystem is not stable. Note that only the case of constant delay has been studied. The stabilization of PSLSs with time-varying delay remains open for future research.
